Lifetime of a nanodroplet : kinetic effects and regime transitions by Rana, Anirudh Singh et al.
  
 
 
 
warwick.ac.uk/lib-publications 
 
 
 
 
 
Manuscript version: Author’s Accepted Manuscript 
The version presented in WRAP is the author’s accepted manuscript and may differ from the 
published version or Version of Record. 
 
Persistent WRAP URL: 
http://wrap.warwick.ac.uk/124409                                                       
 
How to cite: 
Please refer to published version for the most recent bibliographic citation information.  
If a published version is known of, the repository item page linked to above, will contain 
details on accessing it. 
 
Copyright and reuse: 
The Warwick Research Archive Portal (WRAP) makes this work by researchers of the 
University of Warwick available open access under the following conditions.  
 
Copyright © and all moral rights to the version of the paper presented here belong to the 
individual author(s) and/or other copyright owners. To the extent reasonable and 
practicable the material made available in WRAP has been checked for eligibility before 
being made available. 
 
Copies of full items can be used for personal research or study, educational, or not-for-profit 
purposes without prior permission or charge. Provided that the authors, title and full 
bibliographic details are credited, a hyperlink and/or URL is given for the original metadata 
page and the content is not changed in any way. 
 
Publisher’s statement: 
Please refer to the repository item page, publisher’s statement section, for further 
information. 
 
For more information, please contact the WRAP Team at: wrap@warwick.ac.uk. 
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A transition from a d2- to a d-law is observed in molecular dynamics (MD) simulations when
the diameter (d) of an evaporating droplet reduces to the order of the vapor’s mean free path; this
cannot be explained by classical theory. This Letter shows that the d-law can be predicted within
the Navier-Stokes-Fourier (NSF) paradigm if a temperature-jump boundary condition derived from
kinetic theory is utilised. The results from this model agree with those from MD in terms of the
total lifetime, droplet radius and temperature; while the classical d2-law under-predicts the lifetime
of the droplet by a factor of two. Theories beyond NSF are also employed in order to investigate
vapor rarefaction e↵ects within the Knudsen layer adjacent to the interface.
A sound knowledge of the evaporation of nano droplets7
under various conditions is of great importance to many8
applications, such as combustion and spray drying [1],9
and the design of next-generation evaporative cooling10
nano devices [2]. Understanding the mechanisms under-11
lying the evaporation in nano devices requires observa-12
tion at spatial and temporal resolutions that challenge13
current experimental techniques. Whilst computational14
atomistic descriptions, such as MD simulations, are capa-15
ble of modeling evaporation at nano scales, it is unrealis-16
tic to use them to study multiscale problems—processes17
spanning a wide range of time and length scales—because18
of memory and computational time limitations. This mo-19
tivates the consideration of continuum models that go20
beyond the classical NSF description.21
From a fundamental viewpoint, as well as for bench-22
marking, the process of evaporation of a spherical droplet23
is important. The continuum description, o↵ered by the24
NSF equations, agrees with a molecular description when25
the droplet radius (a = d/2) is much larger than the mean26
free path ( ) in the vapor [1, 3, 4], i.e., for su ciently27
small Knudsen number (Kn =  /a).28
For an isothermal drop below the critical temperature,29
the NSF equations without temperature-jump boundary30
conditions predict the time rate of change of the square31
of the droplet radius (or diameter) to be constant; also32
known as the d-squared (d2) law of evaporation [5]. Inter-33
estingly, it has been observed in MD simulations [3, 6, 7]34
that when the Knudsen number Kn =  /a & 1, the35
droplet radius evolves linearly in time. Notably, as will be36
shown in this Letter, the transition from d2- to d-law can-37
not be explained through the NSF equations with classi-38
cal boundary conditions, i.e., with the Hertz–Knudsen–39
Schrage (HKS) relation [8] and an assumption that the40
temperature is continuous across the liquid-vapor inter-41
face.42
In the literature, the transition from the d2- to a d-43
law is usually discussed in the MD framework [3, 7] and44
explained theoretically by introducing ad-hoc corrections45
due to rarefaction e↵ects; o↵ering very little insight into46
the macroscopic processes that dictate this changeover.47
Rarefaction manifests itself through a temperature48
jump and kinetic boundary (Knudsen) layer, which have49
been observed experimentally [9–11] and predicted the-50
oretically [12, 13]. Notably, even at Kn ⇡ 10 3—where51
the d-squared scaling is still seen—the NSF equations52
with classical boundary conditions are unable to give53
a good quantitative prediction of the total evaporation54
time of micrometre size droplets [9].55
In this Letter, we show that the crossover from the d2-56
to a d-law is caused by a prominent temperature jump57
at the liquid-vapor interface. Using MD as a benchmark,58
we show that for nano sized droplets the NSF equations59
along with the temperature-jump boundary conditions,60
give good predictions for the evaporation process when61
the initial Knudsen number is below . 0.5. In specific62
limits, analytic progress allows us to predict the transi-63
tion from the d2- to d-law, with an explicit expression64
given between droplet radius and time.65
Typically, there is a di↵erence in velocity distribution66
function between molecules ejected from the condensed67
phase and those coming from the vapor, which causes a68
strong nonequilibrium in a thin layer adjacent to the in-69
terface, the Knudsen layer. The result is an actual jump70
in temperature at the liquid-vapor interface alongside a71
variation in temperature across the Knudsen layer, pre-72
dicted accurately by the linearized Boltzmann equation73
(LBE) [14]. As the NSF equations cannot capture the74
Knudsen layer, the temperature jump boundary condi-75
tions include both the actual and apparent contributions76
to the jump [15, 16]. In contrast, the regularized 26 mo-77
ment (R26) equations [13] are able to approximate the78
Knudsen layer (and hence the temperature profile near79
the interface) so that the boundary condition does not80
include the apparent component.81
Modeling the liquid drop. - Consider a spherical liquid82
droplet immersed in its own vapor, where the liquid is as-83
sumed to be incompressible. The droplet and the vapor84
flow surrounding the droplet retain spherical symmetry85
during the lifetime of the droplet, so that all the equa-86
2tions are in a spherical coordinate system with r being87
the radial distance from the centre of the droplet. Let88
a(t) be the radius of the droplet at time t, and the tem-89
perature and pressure of the vapor at a distance far from90
the surface of the droplet be T1 and p1, respectively.91
Throughout this Letter, properties relating to the liquid92
have the subscript l, and those relating to the vapor have93
the subscript v. Owing to the conservation of mass, the94
velocity inside the droplet is zero, i.e., the radial velocity95
ul = 0. The temperature Tl (t, r) inside the droplet is96
given by the energy balance equation97
⇢lcl
@Tl
@t
+
1
r2
@
 
r2ql
 
@r
= 0, (1)
where ⇢l and cl are the density and specific heat of the98
liquid, respectively. The heat flux ql in the liquid is given99
by Fourier’s law, i.e., ql =  l@Tl/@r, where l is the100
thermal conductivity.101
Modeling the surrounding vapor. - We consider a102
monoatomic ideal gas, assume the interface separating103
the liquid and vapor is infinitely thin, and the gradients104
in field variables (such as temperature, density) across105
the molecularly-thin interface are modelled by setting the106
appropriate jump boundary conditions at the interface,107
see for example [8, 13, 16, 17]. We study the case of108
slow evaporation, which means small changes in the pres-109
sure and temperature from their equilibrium state values110
given by p1 and Teq, where the equilibrium temperature111
Teq is the saturation temperature at pressure p1. Ac-112
cordingly, only terms that are linear in deviations from113
the reference equilibrium state (p1, Teq) are considered.114
The process in the vapor can be further simplified due115
to the high density ratio of the liquid phase to vapor116
phase. This ensures that the time scales for heat and117
mass di↵usion within the vapor are very small compared118
to the liquid phase, which creates a quasi-steady process119
in the vapor phase. The linearized conservation laws for120
mass and energy in the vapor are then121
@
 
r2uv
 
@r
= 0 and
@
 
r2qv
 
@r
= 0. (2)
At the interface (r = a), mass and energy conservation122
give123
j =  ⇢l da
dt
= ⇢v
✓
uv   da
dt
◆
, ql = qv + jH0, (3a,b)
respectively, where H0 is the specific heat of evaporation124
and j is the mass flux through interface.125
In equilibrium, both the mass flux j and the heat126
flux qv are zero, and the chemical potential and tem-127
perature are continuous across the liquid-vapor inter-128
face. These conditions lead to the Clausius–Clapeyron–129
Kelvin relation: psat = p
p
sat exp [2 /(a⇢lRTl)]. Here,130
  is the surface tension coe cient and ppsat =131
p1 (1 H0 (1  Tl/Teq) /RTeq) is the saturation pressure132
for a planar surface with R being the specific gas con-133
stant.134
In what follows, we consider the NSF equations with (i)135
classical boundary conditions and (ii) temperature-jump136
boundary conditions. Theories beyond NSF, in particu-137
lar the R26 equations [13], and the linearised Boltzmann138
equation (LBE) [14] are employed to investigate Knudsen139
layer e↵ects and the results are compared with the MD140
simulations.141
Model 1: NSF without jump. -When assuming equality142
of liquid and vapor temperatures at the interface, the143
HKS relation can be applied alongside NSF constitutive144
relations to give:145
j =
#
2  #
s
2
⇡RTeq
 p and qv =
v
a
 T , (4)
where # is the condensation-evaporation coe cient,146
 T = Tl   T1 and  p = psat(Tl)  p1.147
Model 2: NSF with temperature-jump. - When includ-148
ing temperature jumps, linear irreversible thermodynam-149
ics [16, 17] gives that150 24  pp2⇡RTeq
p1p
2⇡RTeq
Tl Tv
Teq
35
↵
= r↵ 

j
qv
RTeq
 
 
(5)
where Tv = T1+(qv/v)(a2/r) is the temperature in va-151
por. In eq. (5), the elements of the Onsager resistivities152
matrix r↵  are taken from [15] as r11 = 1/#+1/⇡ 23/32,153
r12 = r21 = 1/16 + 1/5⇡, and r22 = 1/8 + 13/25⇡.154
These coe cients were obtained from kinetic theory by155
assuming that the evaporation/condensation coe cient #156
does not depend on the impact energy and that all non-157
condensing vapor particles are being thermalized, i.e., the158
accommodation coe cient is unity. Furthermore, for all159
numerical computations, we assume # = 1 (an assump-160
tion supported by the MD simulations [18]). The results161
for # 6= 1 are discussed in the Supplemental Material162
(SM), which shows that the results do not di↵er signifi-163
cantly.164
Comparison between models and MD results. - Equa-165
tions (1) and (3a,b) along with the boundary condi-166
tions (4 or 5), are solved numerically to obtain Tl and167
a. The results of which are presented in Figs. 1 and168
2, with initial radius a0 = 12.58 nm, p1 ' 0.4 MPa169
and T1 = 174 K, yielding an initial Knudsen number170
Kn0 = µv
p
RTeq/p1a0 = 0.245. The property values,171
such as H0, Teq, and ⇢l, are all evaluated for a Lennard–172
Jones gas as in [19], in order to compare the results with173
the MD results given in [5]. The full list of flow parame-174
ters are given in the SM.175
As can be seen from Fig. 1, the MD simulation data176
(denoted by circles), predict a short initial growth of the177
droplet, which is due to condensation of the surround-178
ing hot vapor on the cold liquid drop. As shown by179
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FIG. 1. Radius squared of the evaporating droplet as a func-
tion of time for an initial radius a0 = 12.58 nm. The results
are compared for the NSF without temperature jump bound-
ary conditions (dashed black line), the NSF with temperature-
jump (solid blue line), the LBE (dot-dashed red line) and MD
simulations from [5] (circle). Symbols ⇥ and + correspond to
analytic expressions in eqs. (6) and (7), respectively.
Fig. SM7 in the SM, if one relaxes the assumption of180
quasi-static flow in the vapor and accounts for the fi-181
nite size of the domain, this growth can be captured in182
our model. However, as this initial transient is essen-183
tially an artifact of the initial MD configuration, we do184
not focus on this behavior in the present work. From185
Fig. 1, the NSF equations with classical boundary condi-186
tions (dashed black line) predict a linear evolution for the187
radius-squared, but this macroscopic model does not give188
a good prediction of the rate of evaporation (the slope of189
the curve) or the evaporation time (the intersection with190
the x-axis); giving about half of that which MD simu-191
lations predict. On the other hand, the NSF equations192
with jump boundary conditions (solid blue lines) give a193
good prediction for the rate of evaporation and total life194
time of the droplet. Notably, in the MD simulations a195
departure from the d2-law is observed when the Knudsen196
number Kn = µv
p
RTeq/p1a & 0.5. This crossover is197
captured by the NSF equations with jump and the LBE198
(see SM for simulation details for LBE), matching well199
with the MD results. At three di↵erent times t = 20.92,200
32.62, 40.98 ns the NSF with jump, predict a = 10.18,201
8.59, 7.35 nm, di↵ering within 10% compared to MD re-202
sults [5] (a = 10.82, 9.33, 8.17 nm). The LBE gives203
similarly good agreement with the MD results, with pre-204
dicted radii a = 10.44, 9.07, 8.032 nm. To remove any205
influence of the initial transient on our conclusions (as206
confirmed by Fig. SM8 in the SM), in the inset of Fig. 1207
the slope |da2/dt| versus a is compared for macroscopic208
theories and MD simulation [20].209
Revisiting d2-law for nano droplets. - An explicit an-210
alytical relation between radius of the droplet and time211
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FIG. 2. Temperature T versus the inverse distance (x = a/r).
The NSF equations with (red solid lines) and without (black
dashed lines) temperatue jump at the interface. The circles
are from MD simulations [5] for t = 20.92, 32.62, 40.98 ns.
can be obtained from the NSF equations with no-jump212
boundary conditions (4) after some simplifying assump-213
tions. The MD studies show that the evaporation process214
of the droplet consists of essentially two stages [5, 20].215
During the first stage, the heat flows from the hot sur-216
rounding vapor to the droplet, causing the droplet tem-217
perature to rise from the initial temperature T 0l to T
⇤
l218
(' Teq see Fig. SM2 in SM), and at the same time, the219
radius increases due to the condensation of hot vapor at220
the colder droplet surface. After this relatively negligi-221
ble initial growth, the MD simulations in [5] show an222
almost isothermal behaviour for the droplet. During this223
stage, the heat supplied by the hot vapor, qv, contributes224
only to the evaporation and the mass flux is given by225
j =  qv/H0. Hence for Model 1, eqs. (3a,b) and (4)226
yield227
a2
a20
  1 = 2v (T
⇤
l   T1)
⇢lH0a20
t ' 2v (Teq   T1)
⇢lH0a20
t. (6)
From this analytic result (denoted by ⇥ in Fig. 1), which228
agrees well with numerical results, one can see clearly229
that a2 evolves linearly in time. This is the well-known230
d2-law of evaporation [4]. The total evaporation time tF231
given by the d2-law (6) is tF = ⇢lH0a20/2v (T1   Teq),232
which is smaller than that predicted by the MD simula-233
tions [5], as shown in Fig. 1.234
One can obtain an analytic solution analogous to (6) by235
taking the temperature jump into accounts if one neglects236
the Kelvin’s correction, which does not play a significant237
role on evaporation, see Fig. SM4 of the SM. From the238
jump boundary conditions (5), along with j =  qv/H0,239
one can obtain a solution for qv, j and T ⇤l . Neglecting240
the Kelvin’s correction, these equations become linear241
and yield qv =  j/H0 = ⇤v (Teq   T1) /a, where ⇤v =242
4v/ (1 + ↵0Kn) is the e↵ective heat conductivity in the243
vapor. Substituting j in (3a,b) and integrating we obtain244
245
✓
a2
a20
  1
◆
+ 2↵0
 
a0
✓
a
a0
  1
◆
=
2v (Teq   T1)
⇢lH0a20
t, (7)
where the coe cient246
↵0 =
p
2⇡cp
Rr11 Pr

r22r11   r212 +
(r12H0   r11RTeq)2
H20
 
. (8)
The temperature jump  T = Tv   T ⇤l reads247
 T =  Teq qv
p1
s
2⇡
RTeq
✓
r22   r12RTeq
H0
◆
. (9)
Utilising (9), for a millimeter sized drop the temperature248
jump is seen to be negligible ( T ⇡ 5⇥10 4K), for a mi-249
crometer sized drops it becomes moderate ( T ⇡ 0.5K),250
whilst for a ten nanometer drop the jump is large ( T ⇡251
40K). Clearly from eq. (7), when the droplet radius is252
significantly bigger than  , the radius-squared evolves253
linearly with time. On the other hand, when the droplet254
radius is much smaller than  , a evolves linearly in time,255
a behaviour that cannot be described without the second256
term on the left hand side of (7), which comes from the257
jump boundary condition.258
In Fig. 1, we compare the results computed from our259
numerical simulations, to that calculated using eq. (7),260
and observe good agreement. The total evaporation time261
tF obtained from the derived relation (7) is given by262
tF =
⇢lH0a20 (1 + 2↵0Kn0)
2v (T1   Teq) . (10)
Clearly, tF depends on ↵0 and Kn0, and is larger than263
that predicted by the classical d-squared law (6). Fig-264
ure SM3 in SM presents tF as a function of Kn0 for di↵er-265
ent values of the evaporation coe cient #. Again, a good266
agreement between numerical simulations and eq. (10) is267
observed. For 0.5  #  1, values typically obtained from268
MD simulations [18], ↵0 and hence tF change within less269
than 10%.270
Temperature profiles. - The temperature versus the in-271
verse distance (x = a/r) is shown in Fig. 2 at t = 20.92272
and 32.63 ns. The interface is at x = 1, with vapor on273
the left and liquid on the right. The MD results from [5]274
are denoted by circles when a = 10.819 nm (at t = 20.92275
ns) and 9.327 nm (at t = 32.63 ns), respectively. It is276
di cult to di↵erentiate the temperature profiles in MD277
at these times, because of thermal fluctuations, so the278
same symbols are used to represent the temperature at279
all times. The results of the NSF with classical bound-280
ary conditions are depicted with black dashed lines. Note281
that this model predicts a = 8.257 nm and 4.057 nm with282
average liquid temperature Tl = 105.3 K and 107.6 K,283
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FIG. 3. Temperature T versus the inverse distance (x = a/r)
at t = 20.92 ns and a = 10.4 nm computed using the R26
equations. The Knudsen layer is depicted by the shaded re-
gion and dashed line denotes the hydrodynamic contribution
to the temperature profile in the vapor.
respectively. Therefore, as well as substantial di↵erences284
in drop radii, the model also fails to capture the tem-285
perature profile, by missing all MD data points in the286
vapor and over estimating the temperature in the liq-287
uid. The temperature profiles in the liquid and vapor,288
computed from the NSF equations with jump boundary289
conditions—along with the MD results [5]—are also plot-290
ted in Fig. 2 illustrated by solid red lines. While the re-291
sults from the NSF equations with jump boundary con-292
ditions are consistent with MD predictions for the liquid293
temperature, the agreement between the NSF and MD294
for the vapor temperature is not satisfactory, particularly295
close to the interface.296
Kinetic e↵ects. - The NSF equations cannot produce2978
correct temperature profiles in the vapor because of: (a)299
their inability to capture the Knudsen layer—a kinetic300
boundary layer extending within a few mean free path301
in vapor from the interface and (b) the di↵use nature of302
the interface, which spans over a few molecular diame-303
ters. However, the Knudsen layer is significantly larger304
than the interfacial width, which is estimated about 8.6305
A˚ [19] so that the assumption of a sharp interface is more306
justified.307
The LBE provides accurate solutions for the entire308
range of Knudsen numbers, however the coe cients tab-309
ulated in [14] do not provide any information about the310
flow fields, and therefore to recover this information we311
apply the R26 equations which provide a significant im-312
provement over the NSF equations, accurately approx-313
imating LBE results up to Kn . 1 [13] (See Fig. SM1314
in SM for comprison of the mass and heat fluxes due to315
the pressure and temperature di↵erence computed from316
di↵erent models). The analytic expressions for the R26317
equations we have derived in [13] allow one to decom-318
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FIG. 4. The radius of the droplet as a function of time for
an initial radius a0 = 2.3 nm. The results are compared
among the NSF without temperature jump boundary condi-
tions (dashed black line), the NSF with temperature jump
(solid blue line), LBE (dot-dashed red line) and MD simula-
tions [3] (circles). Symbols ⇥ and + concur with the d2-law
(6) and eq. (7), respectively.
pose the temperature profiles in the vapor into a classical319
Fourier contribution denoted by dashed lines in Fig. 3 for320
t = 20.92 ns, plus an additional contribution due to the321
Knudsen layer, denoted by the shaded region. Notably,322
the R26 theory provides a better qualitative and quan-323
titative agreement with the MD data compared to the324
NSF results.325
Finally, we consider a case where kinetic e↵ects dom-326
inate from the outset when the initial Knudsen number327
is taken to be Kn0 = 1.33, as studied by [3, 7] using328
MD simulations. In Fig. 4, we plot (a/a0) vs time with329
initial droplet radius a0 = 2.3 nm and initial liquid tem-330
perature T 0l = 93 K. The far-field temperature T1 and331
pressure p1 are 500 K and 0.4 MPa, respectively. Indeed,332
the NSF with jump (solid line) and the LBE (dot-dashed333
lines) confirm the expected linear decay of the radius with334
time, which is also seen in the MD results (circles), until335
t = 1.2 nm, at which point the droplet radius becomes336
comparable to the interfacial width [19] as well as the337
cuto↵ radius (2.5 LJ) used in the MD simulations.338
In summary, it has been shown that to predict scal-339
ing transitions occurring when a ⇡   the NSF must be340
supplemented with a temperature jump boundary con-341
dition, but to capture finer flow characteristics one must342
go beyond NSF. Motivated by these findings, future work343
could be to study mixtures, where concentration jumps344
will play a vital role, and to consider processes close to345
the critical point, where the Enskog–Vlasov formulation346
[21] allows one to capture non-ideal e↵ects in the vapor347
and gives a unified description of liquid and vapor. [9]348
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The lifetime of a nano-droplet: kinetic e↵ects and regime transitions2
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The first section of this Supplemental Material contains the property values for the Argon fluid
used in the manuscript. In the second section, the solution strategy for the linearized Boltzmann
equation (LBE) is outlined. The flow quantities, i.e., the mass and heat fluxes due to the pressure
and temperature di↵erence computed from di↵erent models are also compared in the second section.
In the third section, the numerical solutions for the average droplet temperature are presented. The
fourth and fifth sections elucidate the e↵ect of the evaporation coe cient # and Kelvin’s correction,
respectively, on the total evaporation time tF . The sixth section studies the e↵ect of non-linearities.
The e↵ect of the initial transient stage and the finite domain is quantified in the seventh section.
FLOW PARAMETERS FOR NUMERICAL7
SIMULATIONS8
For Figs. 1–3 of the Letter, the initial radius of the9
liquid droplet is a0 = 12.583 nm at an initial tem-10
perature T 0l = 93.634K. The far-field conditions in11
the vapor are T1 = 172.375K and p1 = 0.397MPa.12
The parameters required to compare our model di-13
rectly to molecular dynamics (MD) simulations in [5]14
are taken for Argon with the Lennard-Jones potential15
(✏LJ = 137.90 kB and  LJ = 3.405A˚, where kB is the16
Boltzmann constant) from [17]. With this data, the17
reference temperature Teq = p
 1
sat (p1) = 102.899K18
and the heat of evaporation H0 = 150721 J/Kg [17].19
The density ⇢, heat conductivity , and specific heat20
c are tabulated in Table I. The surface tension, ther-21
⇢ [Kg/m3]  [W/m.K] c [J/Kg.K]
Liquid 1294.57[17] 0.10626[NIST] 492.57[NIST]
Vapor p1/RT1 0.00652[17] 3R/2
TABLE I.22
23
mal conductivity and the specific heat, which are not24
specified in [17], are taken from the National Insti-25
tute of Standards and Technology (NIST) webpage26
(https://webbook.nist.gov/chemistry/fluid/). The vis-27
cosity in the vapor is given by the monotonic ideal gas28
µv = 4v/15R and the surface tension coe cient   =29
8.75077⇥ 10 3 N/m [NIST].30
For Fig. 4 of the Letter, the initial radius is a0 = 2.3 nm31
with an initial temperature T 0l = 93 K. The far-field con-32
ditions in the vapor are T1 = 500 K and p1 = 0.4 MPa.33
The equalibrium temperature is Teq = 103.014 K [17].34
The other values are the same as above.35
SOLUTIONS TO THE LINEARIZED36
BOLTZMANN EQUATION37
Assuming small deviations from the reference state,38
the expressions for the mass and heat fluxes can be ob-39
tained by solving the linearized Boltzmann equations40
(LBE), up to linear order in  T = Tl   T1 and  p =41
psat   p1, giving42
j = jp
 p
p1
+ j⌧
cpKn
PrR
 T
Teq
, (s1a)
qv = q
p cpKn
PrR
 p
p1
+ q⌧
cpKn
PrR
 T
Teq
(s1b)
where cp = 5R/T is the specific heat at constant pressure43
and Pr = 2/3 is the Prandtl number for an ideal gas.44
The quantities jp and j⌧ (qp and q⌧ ) are the mass45
(heat) fluxes due to pressure and temperature di↵erences,46
respectively, which depend on the Knudsen number Kn,47
the evaporation-condensation coe cient #, and the en-48
ergy accommodation coe cient  . Due to the micro-49
scopic reversibility of the evaporation and condensation50
processes, the Onsager reciprocity relations hold, which51
give j⌧ = qp. These quantities are tabulated in [14] for52
full energy accommodation (  = 1); results which are53
valid for all Knudsen numbers and # 2 [0, 1]. The values54
for the quantities jp, j⌧ qp, and q⌧ from both the LBE55
and the other models used are compared in Fig. SM1 for56
  = # = 1 and for all values of Kn.57
AVERAGE TEMPERATURE INSIDE THE58
DROPLET59
During initial stage of the drop’s dynamics, the tem-60
perature in the droplet grows from T 0l to a temperature61
T ⇤l , which is shown in Fig. SM2.62
The results computed with the no-jump boundary con-63
ditions over-predicts the value for T ⇤l compared to the64
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FIG. SM1. The mass (heat) fluxes jp and j⌧ (qp and q⌧ )
due to pressure and temperature di↵erences, respectively, as
a function of Kn.
NSF with jump boundary conditions, LBE and R26 (see65
inset in Fig. SM2). After this stage for the majority66
of the drop’s evolution, the temperature of the liquid re-67
mains almost constant and an isothermal shrinking of the68
droplet is observed. Interestingly, the NSF results with-69
out jump boundary conditions suggest that T ⇤l ! T1 as70
droplet size tends to zero.71
Notably, the dynamics of the evaporation process72
evolves in such a way that the heat supplied by the hot73
vapor, qv, contributes only to evaporation, and therefore74
the mass flux j is given by75
j =   qv
H0
. (s2)
Equation (s2) along with eq. (4) (or eq. (5) for the76
temperature-jump) in the Letter can be solved for j, qv,77
and T ⇤l . Moreover, if Kelvin’s correction is neglected,78
these equations become linear (in j, qv, and T ⇤l ) giving79
T ⇤l = Teq
"
1 +
qˆv
Hˆ20
r
⇡
2
2  #
#
#
(s3)
where qˆv = qv/p1
p
RTeq and Hˆ0 = H0/RTeq are the80
dimensionless heat flux and the heat of evaporation, re-81
spectively. The underlined term is small compared to82
unity (due to large heat of evaporation H0), therefore83
we can take T ⇤l ⇠ Teq, as assumed in equation (6) in84
the Letter. Also from (s3), one can show analytically85
that T ⇤l ! T1 as a! 0, in agreement with simulations.86
Furthermore, the R26 results show slight cooling of the87
liquid as the drop becomes smaller.88
On the other hand, the NSF with jump (which is also89
expected to be outside its limits of applicability as a! 0)90
and LBE both show an isothermal behavior throughout91
the lifespan of the droplet, which has also been found in92
MD results.93
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FIG. SM2. Average temperature inside the droplet as a func-
tion of time for an initial radius a0 = 12.58 nm (Kn0 = 0.245).
The results are compared for the NSF without temperature
jump boundary conditions (dashed black line), the NSF with
temperature-jump (solid blue line) and the LBE (dot-dashed
red line). At short times (see inset in this figure), the heat
flows from the hot vapor to the droplet, causing the droplet
temperature to rise from the initial temperature T 0l to T
⇤
l , af-
ter which for the majority of time the droplet remains almost
isothermal.
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FIG. SM3. Total evaporation time tF as a function of the
initial Knudsen number Kn0 for di↵erent evaporation coe -
cients.
EFFECT OF THE EVAPORATION94
COEFFICIENT #95
For the NSF equations with temperature-jump bound-96
ary conditions, the total evaporation time tF depends97
on the evaporation coe cient # via eq. (5) in the Let-98
ter. In eq. (7) in the Letter, the dependency on # enters99
through the r11 element of the Onsager resistivity matrix100
(see eq. 5). In figure SM3, we plot the normalized evapo-101
ration time as a function of the initial Knudsen number102
for three di↵erent values of the evaporation coe cient103
# = 1, 0.5, 0.1. The solid lines in figure SM3 represent104
the numerical solution of the NSF equations with jump105
boundary conditions and the symbols denote the results106
from eq. (7)—both show a good agreement. As expected,107
the total evaporation time for the droplet increases as #108
decreases because liquid molecules are less likely to evap-109
orate as # gets smaller. However, it is worthwhile to note110
that the change in the evaporation time for 0.5  #  1,111
values typical of MD simulations, is within less than 10%.112
EFFECT OF SURFACE TENSION113
We have neglected the surface tension e↵ect (the114
Kelvin’s correction) while deriving the analytical solu-115
tions in the Letter. In figure SM4, we replot the normal-116
ized evaporation time as a function of the initial Knud-117
sen number and include the Kelvin e↵ect. For the initial118
droplet size considered in the Letter, the surface tension119
e↵ect is seen to be negligible for both the models (NSF120
with and without jump boundary conditions).121
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FIG. SM4. Total evaporation time tF as a function of the ini-
tial Knudsen number Kn0 with (lines) and without (symbols)
Kelvin’s correction.
EFFECT OF NON-LINEARITY122
The quasi-static nonlinear conservation laws (which123
have been studied and justified in literature see, for ex-124
ample [1]) read125
1
r2
@
 
r2⇢vuv
 
@r
= 0, (s4a)
⇢vuv
@uv
@r
+
@pv
@r
+
1
r3
@
 
r3 v
 
@r
= 0, (s4b)
1
r2
@
@r

r2
⇢
⇢v
✓
hv +
u2v
2
◆
uv +  vuv + qv
  
= 0, (s4c)
where hv = cpTv is the enthalpy. The underlined terms126
in eq. (s4) are small in comparison to the other terms,127
and hence are neglected. In the Letter, these equations128
are simplified further by neglecting both the nonlinear129
terms, and temperature dependence of flow properties130
(i.e., viscosity and thermal conductivity) appearing in131
the NSF constitutive relations:132
 v =  4
3
µv(Tv)r
@
 
r 1uv
 
@r
, (s5a)
qv =  v(Tv)@Tv
@r
. (s5b)
The linearization formally assumes small changes in the133
pressure and temperature from their equilibrium state134
values, given by p1 and Teq. In this section, we study the135
numerically integrated nonlinear conservation laws (s4),136
where the thermal conductivity of vapor is assumed to137
be a linear function of the temperature, i.e., v(Tv) =138
0(Tv/T0), to test the influence of nonlinearity. Here139
0 is the thermal conductivity of vapor at a reference140
temperature T0. Figure SM5 illustrates the normalized141
4radius squared of the droplet as a function of time scaled142
with (T 21/T 2eq   1)/2 for T1 = 172.375, 300, 500K. The143
increasing value of T1 demarcates the increase in non-144
linearity. The chosen time scaling follows from the d2-law145
(6) in the Letter (for Model 1) on taking v = 0(T1 +146
Teq)/(2Teq). This time scaling successfully eliminates the147
dependence on the temperature di↵erence (T1 Teq); for148
considered values of T1, the results from eq. (6) lie on the149
same curve (denoted by N). In figure SM5, we compare150
the numerical results form eq. (s4) with those obtained151
from eq. (7) in the Letter with v = 0(2T1+Teq)/(3Teq)152
obtained using a simple 1/3 rule [1]. This value of v in153
eq. (7) in the Letter (symbols) gives the best agreement154
with the nonlinear solutions (lines).155
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FIG. SM5. Radius squared of the evaporating droplet as a
function of time for di↵erent values of T1 with a0 = 12.58 nm,
T 0l = 93.634 K, p1 = 0.397 MPa.156
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FIG. SM6. Temperature T versus the inverse distance (x =
a/r): a = 7.7 nm, T 0l = 93.634, T1 = 172.375 K, p1 = 0.397
MPa.
In Figure SM6, we compare the solutions obtained158
from the NSF equations with jump between the lin-159
earized model and the nonlinear NSF taking into account160
the temperature dependence of the thermal conductivity.161
Here, the droplet radius a0 = 12.58 nm, T 0l = 93.634 K,162
p1 = 0.397 MPa. Evidently from Figure SM6, the tem-163
perature profile from the non-linear theory is only slightly164
higher than the linear counterpart—and the results from165
linearized and the non-linear theories are qualitatively166
same. The results from the R26 solutions are also plot-167
ted in the same figure showing prominence of the kinetic168
e↵ects over the non-linear e↵ects.169
INITIAL TRANSIENT STAGE170
We now consider whether Models 1 and 2 are able to171
capture the initial transient exhibited by the MD shown172
in Fig.1 of the Letter when relaxing the assumption of173
quasi-static flow in the vapor and accounting for the finite174
size of the MD domain. In this case, the energy balance175
equation in the vapor is given by176
cv⇢0
@Tv
@t
+
1
r2
@
 
r2qv
 
@r
= 0 (s6)
for r 2 [a, R1a], where aR1 is the radius of the ‘far177
field’ boundary and qv =  v (@T/@r) from Fourier’s178
law. Furthermore, we assume that mechanical equilib-179
rium is established very fast (in comparison to thermal180
equilibrium) so that the pressure p = p1 is constant181
across the vapor.182
Figure SM7 shows the normalized drop radius squared183
as a function of time, scaled with the initial radius184
squared computed from Model 1 (broken lines) and185
Model 2 (continuous lines) for three di↵erent R1/a0 =186
10, 15, 20. Clearly, the results are dependent on outer187
radius R1, with an increasing initial hump and tempo-188
ral o↵set as R1 grows. During the initial growth stage,189
an artifact of the initial MD configuration, it takes some190
time (depending on how far is R1) for heat to reach191
the droplet, and the heat flux from the vapor is small192
compared to the heat of evaporation (i.e., |qv| ⌧ |jH0|).193
On the other hand, during the second stage, the evap-194
oration process is limited by the transport of heat (i.e.,195
qv =  jH0). It is in this, most practically relevant stage,196
that the analytic models derived in the Letter apply.197
In the MD simulations in [5] the domain was varied198
around ⇠ 10a0, so that our predictions appear reason-199
able, particularly when considering the uncertainty in200
the imposition of the far field boundary conditions in201
the molecular simulations.202
Figure SM8 shows that in order to remove the influence203
of the initial transient on the a2 scaling, one can plot the204
slopes of the curves |da2/dt| against a for the macroscopic205
theories and MD simulation. The slope predicted by the206
5Model 2, for all values of R1, fitts the MD results, while207
the Model 1 overpredicts (upto 180%) the slope.208
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FIG. SM7. Radius squared of the evaporating droplet as a
function of time computed from Model 1 (broken lines) and
Model 2 (continuous lines) showing the e↵ects of the initial
transient stage and finite domain size.
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FIG. SM8. Absolute values of slopes (|da2/dt|) plotted
against a computed from Model 1 and Model 2 with di↵erent
far-field radii and compared with MD simulation [20].
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